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Abstract. In this paper, the researchers will be introduced the concept of a sequence
convergence of 1 —dimensional subspaces (lines) in a normed space and shall discuss some
properties of it. Furthermore, it will be proved a continuity property of angles among
subspaces in inner product spaces. Finally, the notion of limit of a sequence of 2 —dimensional
subspaces (planes) in a normed space 1s studied. The researchers also obtain a result which
describe how the convergent of a sequence of lines is associated to the convergent of a
sequence of planes in a normed space.

1. Introduction

A sequence in the metric space and its properties has been widely used in investigating functional
continuity [1], discussing fixed point theorems [2], discussing the central limit theorem in statistics
[3]. and discussing the numerical regression convergence [4].

The sequence in the metric space can be vector sequence, function sequence, matrix sequence, real
numbers sequence, and so on. This has been discussed in some research conducted by many
researchers:[5-13] discussing the convergence of vector sequences and their properties.

The application of vect@®sequences’ convergence are widely studied by [14] [15]. The two
research have discussed the angle between vectors in the inner product space and the concept of
convergence of vector sequence@h the inner product space are used to prove the continuous
properties of the angular function between two vectors in the inner product space. In addition to both
research, there are still many mathematicians who discuss the angle between subspace and its
properties in the inner product space such as [3] [16] and [17]. However, neither of which shows the
classification of the continuous properties of the angular function between the two subspaces in the
inner product space.

The question arises: “Can we show the continuity of the angular function between two vector
subspaces in the inner product space?” This will be answered if we have the convergence concept of
subspace sequences from vector space. Readers may also agree if the concept is researched. It will
also be obtained many applied to be produced.

In this paper, the researchers will define the convergence of sequence inone dimensional
subspaces. This is a new concept introduced in the discussion of the convergence of sequence. The
researchers also will discuss the basic properties of it. As a consequence of this definition, the
property of continuity from the angle between the two subspaces will be shown. At the end, we will
generalize the concept of convergence these subspaces in two-dimensional subspaces.

Before discussing the convergence concept of vector subspaces sequences, we first recall the
definition of convergence of vector sequences as follows:
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“a vector sequence (u,,) in normed space is said convergent to a vector u if (||lu,, — ull) - 0”.

The definition of vector sequences convergence cannot be derived directly to define the
convergence of subspace sequences. For example, a one-dimensional subspace can not only be
replaced byu,, and u respectively as the basis of its subspace sequence. because when the definition
1s used, the convergence concept of subspaces sequences dependent on basis selection. Thus, by using
the definition, there are subspaces sequences in normed space are convergent and divergent depending
on the basis selection. For example X = R?, U,, = span{(1,0)} = U c X. If we take the basis of U,
where {u,, = (1,0)}for every n and the basis of U is {(1,0)}, then the sequence (U,,) converges to U
because (|lu, —u|| = 0) — 0. But if we take the basis ofU,, is {u,, = (2,0)} and {(1,0)}is the
basis of U, then the sequence (Uy)is divergent to U because |u, —u|l = |[[(2,0) — (1,0)|| =
I(LO)I =1+ 0.

To overcome these weaknesses, it is necessary to construct the definition of convergent in finite
dimensional subspace in normed space that independenton basis selection. According to the survey
conducted by the author (journals, magazines, proceedings, national and international seminars), the
coneept of convergence in finite dimensional subspace in normed space has beenresearched by none.

If we choose uas the basis of one dimensional subspace U = span {u}. then for each @ € R, ou
1s also the basis of U. Therefore, we can make the basis become the unit basis which the norm is 1 by

L . 1 u ; ; . .
multiplying the basis vector by Tl o However, hone dimension subspace has two unit basis,

that areﬁ and ﬁ Geometrically, it can be presented in Figure 1.

u

u [l
[l

FIGURE 1. Representation of unit basis of a line.

By considering that the definition of ||w, — u|| — 0 for n — oo, it can be modified by

3
u u
_n__” 50
lluenll el
or
u u
_n+_|| 50
i llunll Nl
forn — co,

However, if the result of modification is used as a definition, then the concept of convergence of
line sequence is still dependent on thebasis selection.
For example, let x = R?, U, = span{(1,0)} = U < X. If we take the base U, for every n where

uy = (1,0) and the basis of U 1s (1,0), then sequences (HU,) converges to U because " ”3“” -
n
ﬁ = 0 - 0 for n - 0. But if we take the basis of Uy, 1s
_ [(1.0), if neven
T (-1,0), if n odd
and the basis of U 1s (1,0). then sequence (U,,) divergent to U, since both ””ﬁ“” - ﬁ” and " ":“" +
n mn

ﬁ” divergent to 0 for n — 0. So to laolve it will be modified again to be

T Tl f-o
— |, —
e Il Nl

min{

1] u
_+_|
[l Il [l
for n — oo,
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Next, Let X is afffbrmed space. A 1-dimensional subspace of a normed space X is said a line in X,
and 2-dimensional subspace of X is said a plane in X.

2. A Sequence of Lines
Let X is a normed space. B on the introduction, we get the notion of limit of a sequence of lines in
X (1-dimentional subspace of a normed space X) and it will be the focus on this section.

Befinition 2.1Let (U,) is a sequence of lines in XwithU,, = span{u,} and U = span{u} is a line in
X_ A sequence (U, )is said to be convd to U_or U i 15. is said to be a limit of (U,,), if and only if

min
{”"un" |u""|

lf I |u||||} 0
asn — oo,

If a sequence has a@mit. we say that the sequence 1s convergent: if it has no hmit, we say that the
sequence is divergent. We will sometimes use the symbolism U,, — U, which indicates the intuitive
idef¥hat the lines U,, “approach™ the line U as n — co

The following theorem convinces us that our definition make sense.

Pheorem 2.2. The definition 2.1 satisfies homogeneity property. It means, The definition is dependent
of the choice of bases for U and U, for everyn € N.
Proof.

For every n € N. if u,, change with another basis of U,,. that is a,u, with @, € R and u were
replaced byfuwithf € R, then there were two cases. If @, 8 = 0 then we find that

AnlUn Bu _ || and” Aply + pu _ || M + u ”
lanunll  NIBull [l I IIttII llenunll ~ NAul Il Mluell
On the other hand, ifa,,f < 0 then we get
a]lull ﬁu n u a". u’]l ﬁu’ m u
———— || = |—+—||and [[/——+ ——|| = [-———||
lanunll  lAull leenll el llepunll ~ NBul leanll Il
Consequently,
il -l * ) = oo s~ il s+ gl
Tl el Ml 1 el letnunll — lIBull "anun" IIﬁuII
n

Now, it will begin by establishing some basic properties of convergent sequences of lines since it
will be needed in this section.

Fact 2.3. [f U, = span{u} = U then U, - U.
Proof.
It is known that

u 113 u
||||un|| — —”u“” = "m — m” =0||=0— 0asn — oo. Hence, U, > U.m

Theorem 2.4. Let U, = span{u,} and U =f8an{u}. If U,, = Uthen
Un

u
” [l |l ||u|||| ||"un" * [le]] ” BN
Jorn — oo,
Proof.
If U,; — U then, by Definition 2.1, it was obtained
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minfey = ). [ el o
Il |uH HuﬂN [lull
Un , U Mn_ B

asn — co. Since ||un”+”u|| Tl + ”u” = 2 (Triangle Inequality) andalso ”un” ~ il
2, then

el s * il = 2 el D el

Mol el e, I ||u|| - TESTRRTET LT IIHII
asn — co.m

Theorem 2.5, LetU,, = span{u,} and U = span{u}. U, — Uif and only if there exists a,, € R,a, #
0 for every n € Nsuch that

”Ilunll Ilanull ”

asn — oo,
Proof.
(=) If U,, —» U then it was known that

u
—_— -0
{”"u'n" |H|||| ”"u'n" ||H|||}

as n — o. So, There existsa, € R, a # Owitha,, € {1,—1}such that

Uy au
el
llall Naull
asmn — oo,
(<) Let there existsa,, € R, a,, # 0 such that
a,u
et~ el = ©
llupll  llayull
as n — oo, thenye have two cases, Ifa,, > 0 then it \\-'as obtaincd
u Un a,u ) a,u
s el =
lunll ol lwall Nayull Ilunll Tl el Nanull
ifa, < 0 then it was lqﬂvn that
Un ’_ un+a“u dan Uy +i"_|un_anu .
Tl Trell el llayull el el llenll  Nanull
Finally, ﬁ
. ui’l u u . u'ﬂ. a]’lu
i = ) [ * = ol vl W el = ©
Ml Tael 1" Tt 1 T IIunII IIanuII Tanll ™ Nl

asn—o0. S0, U, 2o m

Theorem 2.6. (Uniqueness of Limit) LetU,, = span{u,} and U = span{u}. If U, - Uand U, =V
thenU =V.

Proof.
Let U, = U. By applying Theorem 2.5, then we can find a,, € R, a,, # 0 for every n € N such that
Uy anu
T
lunll  llanull
asn — oo, Since U,, = Vthen according to Theorem 2.5, there exists b,, € R, a,, # 0 such that
Uy byv
LYY
lunll byl
asn — oo,
Next, by using Triangle Inequality, it was obtained that
| anu b, v | < ||_¥n Uy, byv ||
-0
Mayull W, vlll = M, Il Ianulll lllunll I vIll
asn — oo,

On the other hand, it was known that
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|| Anln |_ | @nin buB |_ Un lay, |byv I _ N (anbp)v
Manunll IIb v||| Nan el 1Bl |[lhell  Balazlivll| Il Nl (apby)vll
v
= —i —ll.
|IIHII IIT?II
Theref; || A —|| . Hence, |- ”||— ||— |
CHEROTEs i — ||v|| ||u||+ Il Rl (TR all + ||v||

means that u = cv for some ¢ € R,c # 0. So, U = span{u} = span{cv} = span{v} =V. m

@
Theorem 2.7. Let U, = span{u,} and U = span{u}. U, — Uif and only if for every a € R, a, # 0,
there exists a € R, a, # 0 such that

” auy, anu ||
law, [l Nayul
asn — o,
Proof.
(=) If U;; = U then by using Theorem 2.5, there were existed a,, € R,a, # 0, such that
anu
e
llnll  llanull
asn — oo. It meant that for alla € R,a # 0. ifa > 0 then
| aun a,u | | | a,u | N
Maw, Il Napullll ~ M, Ta,ull
If a < 0, then there were exists b,, € R, b,, # 0, that isb,, = —a,,, such that
| aun byu | _”_ L | | ||_’0
Hawa |l llbyulll el M—anull ™ Wl Tlaqulll
asn — oo,
(<) Let for every a € R, a # 0 there were exists a,, € R, a,, # 0 such that
au, a,u |
_— || =
llauall  llayull
as n — oo. There were two cases. ifa > 0 then 1t was obtained
Uy QU ||| Uy a,u | |
lunll Magullll ~ Waw, | Tlayull
or ifa < 0 then it was obtained that
U, _ —a,u " " || | auy, apu "
I I—apullll ""un" IIGnuII aw,ll ™ Tanulll =
asn — oo. So, by applying Theorem 2.5, U,, —
3. Relationship to Angle in an Inner Product Space

Let (X,{-;-)) is an inner product spaces. Inspired by the notion of limit of a sequence of lines in X, it
could be described the continuity property of angle between two lines.

Theorem 3.1. (Continuity Property) Let Uy, V;,, Uand Varel-dimentional siggpaces of a normed
space Xand 8(U,V) is an angle between Uand V. IfU,, = U and V,, - Vthen 8(U,,V,)) — 68 (U, V).
Proof.

Since U, = U and V, = V then by applying Theorem 2.5, it was obtained and found a,, b, € R,
a, # 0,andb, # 0 for every n € N such that

U ant || g d| ¥ _ Un |l _, 0asn — oo,
laall ~ Tanullll 22 ol ~ ol 77
It was known that
| %n Un | || ||| a,u + b,v |
M, L T, ! [l el IIb | n" IIﬂL ull - Ibyvll (vl

-0

< s el s
< Iear~ Tl * Wt~ ot
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Uy Vp antt  byv

- | Ln?
lleenll Nl llapull  llbpvll

between two subspaces of a normed space ([17]), 1t was obtained that

as n — oo, Hence, by the definition of angle

as n — o, Therefore, |

,
(U, Vn) ( Un
e(U,,V,) = arccos |—————| = arccos ||
e II%IIII Ul IIUﬂII (Al
2~ -l T
— arccos |= = arccos [———
lanull IIbnvll llanulll byl

'] > ‘
= arccos |———| = 8(U,V
|||u||||v|| .

asn—oo n
Relationship between the notion of limit of a sequence of lines in X and angle between vectors in X
([18] and [19]) is described in the following theorem.

Theorem 3.2. Let U,, = span {u,} and U = span {u} are I-dimentional subspaces of a normed space
Xand O7py (W, v) is an angle between two vector u and v. Uy — U if and only if|cos Orpy (Un, u)l -
lasn — co.

Proof.
In [18] and [19]. angle between wy, and w, Orpy (Uy, um deﬁned as
[y un_ u |I?
cos Bray (i 1) = " Tl Tl
n
_u - . Uy o
I er product spaces X, for n — oo, if ”IIunII ”u“” — ”IIunII ”u“” — 4, and 1if " TR
w” — 0 then | Tl ”u”” — 4 Thus, )
" Un U _Un 1 Uy Up U
min { il ||u|||| Mo + joo0 e [l Tl ||u|||| all Tl ] =i.m
4. A Sequence of Planes

[Bheorem 2.7 was used to get the notion of limit of a sequence of planes in X (2-dimentional subspace
of a normed space X).

Definition 4.1. Let (Unnis a sequence of planes in X with U, = spcm{uln,uzn} and V =
span{vy, v; 1is a plane in X. A sequence(U,,) is said to be converge to V if and only if for every, b €
R, there exists a,, b, € Rsuch that
|(au, +bv,) (a,u+b,v)|
llaw, +bvll - llayu + byvll|

Asn — oo,

Note that @, b € R in Definition 4.1 are arbitrary. It means that our definition is independent of the
choice of basis for U,, and V. So, our definition make sense. Also, if Upand V' in Definition 4.1 are a
1-d@fensional subspace of X, then the definition is equivalent with Theorem 2.7.

The following theorem describe a relation between the convergent of a sequence of lines in X and
the convergent of a sequence of planes in X.

Theorem 4.2. Let U, = span{u,}. V;, = span{v,}, U = span{u}. V = span{v}with u and v are
linearly independent, and B, = span{u,, v,} and B = span{u, v} If U, = Uand V;,, = V then B,, =
B.

Proof:

It was easy to prove this theorem by using Theorem 2.7, Definition 4.1, and Triangle Inequality. m
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Remark 4.3. As the reader, it might have realiZf§l that the Definition 2.9 may also be generalized to
define the limit of a sequence of m-dimentional subspace of a normed space. Let X is a normed space
with dimX >m. Let (V) is a sequence of m-dimentional subspaces of X with ¥, =
span{vln.vzn, vmn} and V =span{v,,vs,..,vp} is an m-dimentional subspace of X
withl,, 2, ..M, € N. A sequence(V,) is said to be converge to V if and only if for every
ay,0z, .., &y € Rthere existsby , b, ..., bs € R such that
|(E’f:'1 aiuin) B (E?Q by v;)
Nz i, | 7 byl

asn — oo,
Note that a;,as, ..., @y, in Definition 4.3 were arbitrary. It meant that the defimition was also
mvariant under any change of basis for V, and V. So, the definition made sense.
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